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Abstract
Dynamic granular mechanics systems are problems with variable connectivity between the particles. This
property makes it di2cult for rigourous analysis since it implies reformulation of the problem each time the
connectivity changes. In this paper an improved procedure for selecting contact particles is considered for
large granular mechanics applications ( 104 particles). The method for the selecting uses a connectivity
table. The main claimed advantage of the method is simplicity since it uncouples the system of particle in
subsystems. It is shown, for example, that for N particles system, the classic method of selecting requires
(N (N + 1))=2 operations compared to N for the new approach.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
A granular medium is a large set of elements, called particles, that interact. We can =nd many
examples of such media in di>erent =elds: nature, food, civil engineering, chemistry, pharmacy.
Many of their properties are still not well known and simulation has become an interesting tool for
studying them, since computers are now powerful enough.
Dynamic granular mechanics systems are problems with variable connectivity between the particles.
This property makes it di2cult for rigourous analysis since it implies re-formulation of the problem
each time the connectivity changes. In a previous work [2,3] the authors developed a software based
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Fig. 1. Potential contacts: the connection is detected by analyzing the distances between the centers of particles.
on the distinct element method (DEM) and the nonsmooth contact dynamics (NSCD) algorithm
[6,4,1].
In short, we consider a collection of rigid particles during the motion of which contacts can occur
or break. The energy dissipated during the collisions is taken into account by means of restitution
coe2cients.
The dry friction is modelized by Coulomb’s law which is typically nonassociated: during the
contact, the sliding vector is not normal to the friction cone. The nonassociativity of the constitutive
law is responsible for numerical troubles.
The main feature of our algorithm is to overcome this kind of di2culties by means of the
bi-potential theory [7]. It leads to a fast and easy way to implement predictor–corrector scheme
involving just an orthogonal projection onto the friction cone [8]. The convergence test is based on
an error estimator in constitutive law using the corner stone inequality of the bi-potential [3].
In order to reduce the size of the nonsmooth problem, only established or potential contacts are
considered, Fig. 1.
We construct a particle near-neighbor interaction list. The condition of connection or potential
contact is detected by analysing the distances between the centers of particles i and j
un = ‖Xi − Xj‖ − (ai + aj)6 	; (1)
where Xi, Xj, ai and aj are the co-ordinates of centers and radii of particles, respectively. 	 is a
small parameter and un represents the interstice, Fig. 1. In order to limit the number of potential
contact, 	 (≈ 10−6) is calculated in function of the particle size and the time step.
Classically to establish the selected candidates list consists, for each candidate i and for antagonists
j (with j¿ i), to examine if the condition of selection is veri=ed, Eq. (1). For N particles system,
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one has thus to undertake
N (N + 1)
2
;
veri=cations, what becomes very computational expensive as soon as N becomes raised.
In this paper an improved version of selecting contact particles is considered for large granular
mechanics applications ( 104 particles).
2. Selecting contact particles
A mechanical system with a =nite number of degrees of freedom is considered. Let N be the
number of particles and c the number of contacts. In two dimensions, 2c normal and friction forces
have to be determined, as well as 3N acceleration (corresponding to 2 linear and 1 angular degrees
of freedom). Hence, the total number of unknowns is 3N + 2c.
We present in this section, a selected restrict list of candidates to the contact and, for each contact
c, to =ll the database with relative information to the contact: the pointers on the candidate and
antagonistic particles, the interstice, the normal vector components, the constant relative physics to
the contact (restitution and friction coe2cients).
2.1. Table of connectivity construction
In two-dimensional, one can subdivide the space  in box d, d= 1; : : : ; p, Fig. 2. p represents
the max number of box that are possible in function of vertical dimensions (min v and max v) and
horizontal dimensions (min h and max h) that represents the collection of particles studied
p=
(max v−min v)(max h−min h)
xy
; (2)
with
x = k?max;
y = k?max;
Ω25 Ω26 Ω27 Ω28 Ω29 Ω30
Ω24Ω23Ω22Ω21Ω20Ω19
Ω13 Ω14 Ω15 Ω16 Ω17 Ω18
Ω12Ω11Ω10Ω9Ω8Ω7
Ω1 Ω2 Ω3 Ω4 Ω5 Ω7
Fig. 2. The space  is subdivided in boxes d, d= 1; : : : ; p.
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Fig. 3. Example of connectivity table.
where ?max represents the maximal particle diameter and k the integer. k is a constant parameter
that allows to adjust the size of the box in function of the particle number.
Now, for each box to identify, one established a connectivity table with antagonistic box.
• Initialize the connectivity table,
• Compute dl and dc, the study box co-ordinates,
dl= int
(
(d− 1)
Nx
)
+ 1 and dc = d− (dl− 1)Nx; (3)
where Nx represents the number of box as along the x-axis.
• Select for each box a connectivity table with antagonistic box.
Following the position of the box in the system, see Fig. 2 for example, the possible number of
antagonist lies between 1 and 5, Fig. 3.
2.2. Selecting contact particle
Each antagonistic candidate is assigned to a box, as soon as it meets this box. To select the box
numerotation in function of particle co-ordinate, we use
d=
(X (1)−min h)
x
+
(X (2)−min v)Nx
y
+ 1: (4)
It is possible that large particles (walls, for example) are allocated to several boxes. For a box given,
for each candidate i, and for each antagonist j (j¿ i) of the box and adjacent boxes, one determines
if the criterion of selection is veri=ed. One restrains thus the number of cases to examine.
The information concerning the list of candidates to the contact is usefully organized. To each
object candidate i, one associates the list of antagonists j (with j¿ i) such that c=(i; j) is selected.
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Fig. 4. Bilogarithmic diagram of CPU time for one iteration versus number of particles.
Reciprocally, to each antagonist j, one associates the list of candidates i (with i¡ j) such that
c = (i; j) is selected. These lists are established in the procedure of selection. They are useful for
the archivage, it is told to keep in data memory attached to a contact.
2.3. Results
The selecting method uses the connectivity table. The main claimed advantage of the method is
simplicity, since it uncouples the system in subsystems. It is shown, for example, that for N particles
system, the classic method of selecting requires N (N + 1)=2 operations compared to N for the new
approach. We illustrate by Fig. 4, the di>erence between the classic approach (dot line) and the
improved method (continuous line) for selecting contact particles.
Remarks: a crucial point is to decide when the iterative procedure converges. The contact bi-
potential, bc(−u˙; s), suggests basing the convergence criterion on the error estimator e in the frictional
contact law
=
∑
bc(−u˙ · s) + u˙ · s∑
bc(−u˙; s) ; (5)
where the sum carries on active contacts, u˙ the relative velocity and s the impulsion [3]. This kind of
error estimator was proposed =rst by Ladeveze [5] in order to assess =nite element computations for
materially nonlinear structures. This quantity is always positive and equal to zero when the couple of
dual variables is extremal (when the contact law is exactly satis=ed). Let us notice that the condition
of noninter-penetrability u˙ n¿ 0 must be satis=ed to obtain =nite values of the contact bi-potential.
This condition is represented by the indicatory function R−(−u˙ n), which is equal to zero when
−u˙ n6 0 and to +∞ otherwise.
3. Example of application
As an example of application, Fig. 5 presents a Pow of 9000 disks in a hopper. The width of the
hopper is 40 cm, depth is 40 cm and bottom of the hopper is 20 cm. Radii of disks are distributed
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Fig. 5. Flow of 9000 particles in a hopper: each particle is subjected to the acceleration of gravity g. The computation
time to empty the hopper is very depending on the parameters. It lies between 3 and 5 h CPU time.
between 1 and 2 mm. The time step is 5 · 10−4 s. The density of disks is =1400 kg m−3. We can
study of the shape and the matter of particles (characterized by the friction and restitution coe2cients)
on the Pow. We can also modify the slope and the neck of the hopper. The computation time to
empty the hopper is very depending on the parameters. It lies between 3 and 5 h on a HP B2000
workstation with a 400 MHz processor and 256 Mb of RAM.
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